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Complete Elliptic Integrals Resulting from Infinite 
Integrals of Bessel Functions. II* 

Shigehiko Okui 

(January 8, 1975) 

Infinite integrals involving products of Bessel and trigonometric or hyperbolic functions reducible 
to complete elliptic integrals are compiled. The table also contains certain types of infinite double 
i ntegrals of modified Bessel functions. All the results are expressed in conveniently compact form suited 

for practical applications. 

Key words: Bessel functions; complete elliptic integrals; hyperbolic functions; infinite integrals; 
modified Bessel functions; noise theory; signal statistics; trigonometric functions. 

1. Introduction 

This table is primarily intended for applied mathematicians, physicists and engineers faced 
with the problem of evaluating infinite integrals involving Bessel functions. 

In a previous paper, 1 infinite integrals of Bessel functions and their products were compiled 
in conveniently closed form. In this paper, a table is prepared for those involving products of 
Bessel and trigonometric or hyperbolic functions. It also contains certain kinds of infinite double 
integrals of modified Bessel functions, which are often encountered especially in the fields of signal 
statistics and noise theory. 

Throughout this paper, the parameters are usually positive real and notations occurring 
several times on a section are explained at the top of the section. 

2. Integrands Involving Products of Bessel and Trigonometric Functions 

2.1. fc*=^+i?, k 2 + k' 2 =1 
1 2a l l 



% 2 



a + b 



Jo 



Jo(ax 2 ) cos (bx 2 ) dx = [£(£,) +£(*,')], a>b; 

2 WTTCL 



—=K{kz), a<b. m 

Vtt/i \ L ) 
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f> 



(ax*) cos (bx 2 ) <£* = — \= [2£(*,) - £(*,) + 2E(k[) - K(k[ ) ] , a >b: 



2 Vtto 



1 



2* 2 



[{2-kOK(k 2 )-2E(k 2 )], a<b. 



(2) 



/; 



2 V^ 



./i(ax 2 )cos(6**) %- 2 <k = — -£ [(1 - kVKiki) - (1 - 2* 2 )£(*,) 

5 V1T 

+ (1 - k'])K(k[) - (1 - 2*' 1 2 )£(* I ')], a > 6; 
2 V^ 



3A| V^ 



[(2- * 2 2 );£(* 2 ) - 2(1 - * 2 2 )K(* 2 )], a < b. 



(3) 



Jo 



J -2(ax 2 )cos(bx 2 ) dx = • 



[8(1 - 2k 2 )E(k,)-(5 - 8k?)K(k>) 



6 y/jra 
+ 8(1 - 2k\*)E(k[) - (5 - M', 1 )^*,')], a > 6; 

[(4 - * 2 )(4 - 3*f )/a* 2 ) - 8(2 - kl)E(k t )l a< b. 



6kS Vira 



(4) 



j™ J 2 (ax 2 )cos(bx 2 ) x~ 2 dx= ^ Jl [ 



15 V^ 

+ (1 - *; 2 )(1 - %kl*)K(k[) - (1 - 16*,"+ 16*/ 4 )£(*;)], a > b; 
2 Va 



15fc| V^ 

I Ji(ax 2 ) cos (6a: 2 ) *~ 4 cfo: 
Jo 

8 Va~ 3 



[(16 - 16*1 + *|)£(* 2 ) - 8(1 - *f)(2 - *f)£(* 2 )], a<b. (5) 



. [(1 - *?)(2 + 5* 2 - 8*«)K(*,) - 2(1 - 2* 2 )(1 + 4A- 2 - 4*f)£(*,) 
105 \ir 

+ (l-k[ 2 ) (2 + 5k' l 2 -8k[ i )K(k' l )-2(l-2k' l *) 

x (i + 4*; 2 -4*; 4 )£ , (a;)], a >b-, 
8 Va 5 



105*? Vw 



[(1 - *|)(16 - 16* 2 - ki)K(k->) - 2(2 - * 2 ) 



X (4-4/t 2 -A: 4 )£(A: 2 )], a < 6. 



(6) 



/; 



J 3 (ax 2 ) cos (6x 2 ) ch: 



30 



[2(23 - 128* 2 + 128*?)E(*,) - (31 - 144* 2 + 128A 4 )K(*,I 
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f 

Jo 



J :i(ax-)cos{bx 2 ) x~ 2 dx = 



+ 2(23-128£; 2 + 128^) E(k[) - (31 - 144£| 2 
+ l28k' l , )K(k[)], a>b; 

■■ l — = [(2-kl) (128 - 128A| + 15ki)K{k 2 ) -2(128 

30*1 VTTfl 

-128ki + 2Mj)E(k-,)], a<b. 
2'V^ 



(7) 



_[(1 - k\)(3 - 80/t? + 128*<)K(/fc,) - (3 - 134A* 

105 Vtt 

+ 2,Uk\ — 256/tf )E(ki) + (1 - £' 2 )(3 - 80k'] + 128^' 4 ,)A:(A-;) 
-(3-134A-; 2 + 384/c; 4 -256k; 6 )£(yt;)], a > b; 

2 V^ 



\05kl V^ 



[(2 - jt|)(128 - 128A-| 4- 3k£)E(k 2 ) - 2(1 - ££) 



x(128 - 128A| + 27ki)K(k 2 ) |, a < 6. 



(8) 



j / 8 (a* 2 )cos(fo«; 2 )*-*<fe = 



945 V^ 

- 135AJ + 256*? - USkf)E(ki) + (1 - *; 2 )(2 + 15A-; 2 - 144* J 4 
+ 128* ";)£(*,') - 2(1 + 7k'] - 135*",+ 256*"; - 128*'^*;)], 



a > b; 



8 V? 



[(1 - *|)(2 - &1)(128 - Wkl-k*)K(k 2 ) - (256 



945*: 1 V^ 

- 512*| + 270*4 _ 14 £6 _ 2k*)E(k 2 ) |, a < 6. 



(9) 



/; 



y„(a^ 2 ) sin (6a: 2 ) d* = ^— : [£(&,) -£(*;)], a > 6; 



2 V7ra 



2 V77a 

2 V^ 



K{k 2 ), a<b. 



(10) 



[".Max 2 ) sin (bx-) x- 1 dx = Z— r [E(k>) - (1 - A?)X(Jt,) 

JO Vt7 

+ (i -*;•)«(*;) -£(*;)], a > &; 
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2 \Ta 

k 2 Vtt 



E(k 2 ), a<b. 



/> 



{ax' 2 ) sin (bx 2 ) dx = 



2 V™ 
1 



2*2 



2 V^ 



[2£'(/c 1 ) - K(ki) + K(k[) - 2E(k[) ] , a > b; 
[(2-k 2 )K(k 2 )-2E(k-,)], a<b. 



f™ JAax 2 )sin(bx 2 )x- 2 dx= -^ [(1 - *f)^(A,) - (1 -2A?)£(A 1 ) 

Jo 3 Vtt 



+ (1 - 2&; 2 )£(yc;) - (1 - A;; 2 )^;)], a > b; 
2 V^ 



Ml \Hr 



[(2 - Jfc|)E(A: 2 ) - 2(1 - kl)K(k 2 )], a<b. 



(11) 



(12) 



(13) 



(™ J 1 (ax z )sm(bx 2 )x- 4 dx= 8 _ ^! [: 

Jo 



15 Vw 

+ (i-a : ; 2 )(2-A:; 2 )^(A:;)-2(i-A;; 2 +a; 4 )£'(A;;)], a>& ; 

8 Va 5 



15*§ V^ 



[2(1 -k 2 + k*)E(k 2 )- (I -k 2 )(2-k!)K(k 2 )], a<b. 



f " / 2 (a* 2 )sin(6x 2 ) dx = 7= [8(l-2*;)E(*i)-(5-8*f)K(k,) 



+ (5-8A:; 2 )/^(A-;)-8(l-2A:; 2 )£'(A;;)], a>6; 

1 



6H V7ra 



[(4-A;|)(4-3A:|)X(A:2)-8(2-A:|)£ , (^ 2 )], a< 6. 



I"" A (a* 2 ) sin (&* 2 )*- 2 <Jx = -- p [(l-* 2 ) (1 -8* 2 )K(*,) - (1 - 16k 2 + I6k\ )E(k 1 ) 

Jo 15 V7T 



(l-16A;i 2 +16A;i 4 )£(A:i) 
(l-yc; 2 )(l-8A:i 2 )/C(yt;)], a>6; 



2 V^ 



[(16-16/c 2 +^) £ (^ 2 ) 



15*1 Vtt 
-8(l-* 2 )(2-A: 2 )£(A: 2 )], a<b. 



f" Jz(ax 2 ) sin (6x 2 )^- 4 ^= ^ r V 7_ [(l-A: 2 )(2 + 5A: 2 -8^)X(A: 1 ) 
Jo 



105 Vjt 

-2(l-2/cf)(l+4A; 2 -4A;*)£;(yc 1 ) + 
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(14) 



(15) 



(16) 



+ 2(l-2*; 2 )(l+4*; 2 -4*; 4 )£(*;)-(l-*; 2 ) 
X(2 + 5*; 2 -8*; 4 )K(*|)], a>b; 

105*W^ [(1-^1X16- 16*| - k*)K{h) - 2 (2 - &j) 



l 2 



Jo 



Jo 



/; 



X(4-4Af-*$)£(A 2 )], a<b. ,17) 

.Ma* 2 ) sin (6* 2 )d* = ^= [2(23- 128* 2 + 128Af )E{k 1 ) 

30 V7TO 

- (31 - 144* 2 + 128* 4 ) AT (A, ) 

+ (31 - 144£' 2 + IV&k'^Kik'J -2(23- 128*; 2 

+ 128k' 1 4 )E{k' 1 )], a>b; 

= _ on,, I/— [ ( 2 _ *5) < 128 ~ 128 *2 + 15* 4 )K(* 2 ) 
30*| V77o 

-2(128- 128A: 2 + 23A: 4 )£(A 2 )], a < A. (18) 

7 3 (a* 2 ) sin (^ 2 )a;- 2 ^ = — -|—^[(l-*')(3-80* 2 +128*f)A:(A: 1 ) 

105 V7T 

-(3-134* 2 + 384* 4 -256*«)£(*,) 
+ (3-134*; 2 + 384* 1 ' < -256*; 6 )£'(*;) 
-(1-A: 1 ' 2 )(3-80A; 2 ^128A; 1 M )A:(A;)], a >b- 

= -J ^^[(2-*I)(128-128* 2 2 + 3*|)£(A 2 ) 
-2(1-* 2 )(128-128* 2 2 +27* 4 )A:(* 2 )], a < b. (19) 

/ :i (ax 2 ) sin {bx 2 )x'*dx = -- — ^= [(l-* 2 )(2 + 15* 2 -144* 4 + 128*«)K(*,) 

945 VV 

-2(l + 7* 2 -135* 4 + 256*'"-128*»)£'(* 1 ) 

+ 2(l + 7*; 2 -135*; 4 + 256A; o -128*;")£(*;) 

-(l-*; 2 )(2+15A:; 2 -144A:' 1 4 +128/t; ,i )A:(A;)], a>6; 

[(l-* 2 )(2-* 2 2 )(128-128* 2 -* 4 )£(* 2 ) 



945/tf V^ 

- (256- 512A| + 270* 4 - 14*1 -2*f )£(&<)]. a < 6. (20) 

002 ,2 2(Vb + a-Vb=7) .. 

2.2. 2 k 2 = 7= /. . 7= — ■, a < b 

2 Vb+ Vfa + a- Vfa-a 



f°°y 2 (a^) cos (26«»)<fe= , *' , [£(*)]' 

Jo V7r ! I V6 + 0- Vo — a) 



(1) 



2 The results are also valid for the integrals involving sin (2bx 2 ) in place of cos (2bx 2 ). 
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\™ J\{ax 2 ) cos (2bx 2 )dx = - 



3 Vtt* (l-k 2 ) 2 {Vb + a- Vt-a) 5 
x[(2-**)£(*)-2(l-**)K(A:)]*. (2) 



7f (ax 2 ) cos (2bx 2 )dx = 
Jo 



105 Vtt 3 (l-P) 4 (V6 + a- V6-a) 9 

x [(1 - k 2 ) (16 - 16k 2 - k 4 )K(k)- 2(2 -A 2 ) (4- Ik 2 -k 4 )E(k)] 2 . 

(3) 

Aab 



2.3. k 2 = 



(a+b) 2 

f"y 2 (ax)sin {2bx)x- i dx = b-^~P- [(a 2 + b 2 )E(k) - (a-b) 2 K(k)]. (1) 

Jo 37r<r 

I" Jl(ax)sin (2bx)x- i dx = -- 2 ^ + b J [(a-b) 2 (U 2 -a 2 )K(k) + (a 4 + 9a 2 b 2 -lb*)E(k)]. (2) 

Jo 2 157ra 4 

[ X i2(a^)J 1 (a^)sin(2^)x- 1 ^=- + -^— [(b-a)(4b 2 - a 2 ) K(k) - (a + 6) (a 2 + 46 2 )£(A:)]. 
Jo a o7TGr 



Jz(ax)J\(ax) sin (26^)rf^ 
Jo 

4/> 1 



a 2 377a 4 (a + 6) 

JJ^(ax)J?{ax) sin (2bx)x~ l dx 
o 



(3) 



[(4a 4 -17a 2 6 2 +166 4 )X(A:)-(7a 2 -hl66 2 ) (a + 6) 2 £(A;)] . (4) 



= - + — ^— [(6-a)(3a 4 -20a 2 6 2 + 326 4 )X(yc)-f-(a-f6)(3a 4 + 52a 2 ft 2 -326 4 )£(A:)]. (5) 

a 157ra° 

4ab (a+b) 2 -c 2 

' (a + b) 2 -c 2 ' 2 4ab 

a>b 



I J o(ax) J o{bx) cos (cjt)c£%= — = /C(A:i ) , 0<c<a — 6; 

Jo 77 VW> 

K(k 2 ), a-b<c<a+b. 



7rVab 
1 



ttVo6 

OF 64 (1) 



3 For c > a + b the integrals vanish. 
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J i (ax) J i (bx) cos (cx)dx= 1 —= [(2-k 2 1 )K(k 1 )-2E(k 1 )], 0<c<a-b; 

• /() Trk\\ab 

= T=- [K(k>)-2E(k 2 )], a-b<c<a + b. (2) 

TTVab 

f 00 1 

J>(ax)J 2 (bx) cos (cx)dx = — [(16- 16AJ4-3AJ) «:(*,) -8(2-ifcf )£(*,)], 

J° Sirkr^Vab 

0<c<a-b; 
1 



[8(l-2*|)£(* 2 )-(5-8*f)X(fe)], 



SttVoI) 

a — b<c< a-\-b. (3) 

I Jn(ax)Mbx) cos (cx)dx= 1—— [(128- 128AJ + 15*}) (2-**)£(*,) 

J<> \bTrk\vab 

-2(128- 128*? + 23*J)£ (*,)], 0<c<a-b; 

= ie I AT [ (31 " 144A '" + 128A D *(**) 

-2(23-128*l + 128*|)£(* 2 )], a-&<c<a+/>. (4) 

2.5.- fc;- c, - ( °- b), f *»= 4qfo 

4afa ' 2 C 2_ (a _ b) 2 

a > b 



Jo(ax)J {) (bx) sin (cx)<£*; = — K{k x ) , a — b<c< a+b; 

J" 77 Vnh 



ki 



= — -r=rK(k 2 ), Oa + b. OF 169 (1) 

TTVab 

roc I 

Ji(ax)J 1 (bx) sin (c*)rf* = — r [K(A :,) -2£(*,)] , a-b<c<a + b; 

J° TT\Tab 

[(2-*f)K(fe)-2E(* 2 )], Oa + 6. (2) 



7r£ 2 V a& 



f i2(a^)J r 2(^)sin(c^)^ = 3-—: [8(1-2*2)£(* 1 ) 

J o 37T V ab 



3tt- Va6 

(5-8*f)tf(*,)], a-&< c< a + b: 
1 



?>Trk'iVa~b 



[(16-16*| + 3*|)X(* 2 ) 



4 For < c < a — i the integrals vanish. 
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J 



J3(ax)j 3 (bx)sm(cx)dx = 



-8(2- kl)E(k 2 )], c>a + b. 

J-= [(31-144*?+ i28k*)K(kt) 

15ttV^ 

- 2(23 - 128*2 + U8ki)E(ki)] 9 

1 —= [(128 - 128*| + 15*|) (2 - kl)K(k 2 ) 

157r*| \ab 

- 2Q28 - 128*1 + 23*|)£(* 2 )] , c> a + b. 



a — b < c < a + b; 



(3) 



(4) 



2.6. k 2 = 



Aab 



_ (a + b) 2 -c 2 



1 (a + b) 2 - c 2 



k 2 = 



Aab 



c 2 -(a + b) 2 
3 e 2 — (o — b) 2 



(™ Y (ax)Y (bx)cos{cx)dx = — ^j= K(k,), 0< c <a-b; 
Jo TT\ab 



r\ab 



K(kt), a-b<c<a+b; 



2VF r H 

7rVa6 



K(k 3 ), c>a+b. 



OF 70 (1) 



27 s . 2 = c 2 -ro-bJ 2 2 = Aab 

» -4ab ' 2 e 2 -fa-b; 2 



a > b 



/> 



1 



(a^)7o(^)cos(cjc)G?x =. 7= K(*i), a — 6<c<a + 6; 

K(* 2 ), Oa+6 



*2 



77 



V^> 



OF 68 (1) 



f°°y l (a^)y 1 (6x)cos(c%)^ = — 7= [£(*,) -2£(*,)], a - 6 < c < a + 6 ; 
Jo Tr\ab 



1 



7T* 2 Va6 



[(2 - *«)«(*«) - 2E(Ai)], c> a + b. (2) 



f 00 F 2 (a^)7 2 (^)cos(^)^ = 7= [8(1 -2k'i)E(k 1 ) - (5-8*;)K(*i)], 

Jo Sirvab 



a — b < c < a-\- b; 



5 For < c < a — b the integrals vanish. 
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. [ (16 - I6kl + Ski) K(k 2 ) - 8(2 - k'i )E(k 2 ) ] , 



Oa + b. (3) 

f °° Y 3 (ax)J 3 (bx)cos(cx)dx = 1 —= [(31 - I44ki + 128JW)Jt(*i) 

Jo 15ttVo^ 



-2(23-128Af+128fc})£(A;i)], a-6<c<a-h^; 
1 



[(2 - jfcj) (128 - 128A| + lSkf)K(k 2 ) 



\57rk\Vab 

-2(128 - 128/cf + 23Ai)£(A 2 )], Oa + b. (4) 



2 . 8 . fc?= (^>!z^. a _«!zl=zfl! 



1 (a + b) 2 -c 2 2 4ab 



k 2 = - 4 ° b - . a>b 
3 c 2 -(a-b) 2 



2 Vl-A; 2 



y (a^)Fo(6a;) cos (ex) dx= * ■— '-' K(k,), 0<c<a — b; 

Jo 77- VaO 



K(k-z), a — b<c< a+b; 



K(k 3 ), Oa+b. OF 68 (1) 



77 Vai 



77 vab 

( X J l (ax)Y l (bx) cos (ex) dx = , = = [2E(k t )- (l-k*)K(k t )], 0<c<a-b; 

Jo 77 vab(l — «|) 

[K(iki)-2£(A*)], a-6<c<a+6; 



77 Va6 



^- T =[(2-kl)K(h)-2E(k 3 )], Oa+b. (2) 



77A; 3 Va6 



f '" h(ax)Y t (bx) cos (c*)dx = . 2 [8(1 + Af)g(fa) 

Jo 377 Va6(l-A:?) 3 



377 Va6(l-A:?) 3 
-(1-*})(5 + 3*})JC(*i)], 0<c<a-6; 

1 



[8(l-2kl)E(k 2 ) - (5-8kl)K(k 2 )], a-b<c<a+b; 
-[(l6-16kl+3ki)K(k>) 



3wk% Vab 
-8(2-kl)E(k 3 )], Oa+b. (3) 
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591-673 O - 76 - 4 



00 

f J 3 (ax)Y 3 (bx) cos (cx)dx = . 2 [2(23 + 82A; 2 + 23*j)£(fa) 

J o 15tt Va&fl-A;?) 5 



15tt Va6(l-A:f) 5 
-(1-Af) (31 + 82Af-l- 154}) A:(A0], 0<c<a-6; 

^7=[(31-144Al+128^)A:(fe) 

-2(23-128fcf+128fc|)£(fe)], a-i<c<a + i; 

1 



[(128-128A:l+15ifcJ)(2-ifc|)iC(A3) 



1577*1 Va6 

-2(128-128A:1 + 23A:4)£(A:3)], Oa + 6. (4) 



2.9. F=l _j_ 



Y (ax)Jo(ax)sin(2bx)dx = t K(k), a < h; 

Jo 



irb 
0, a > b. OF 172 (1) 



2.10. k 2 = — ' a>b 



[Yo(ax)Ji(ax)+Jo(ax)Yi(ax)]sM2bx)dx = - J ^K(k). (1) 

Jo 7Td z 






I [y (a^)/o(6a:) +yo(ajc)Fo(^)]sin(cx)rfa: = 



2VT =: 1P 



£(£), c>a + 6; 



7rVa6 
= 0, < c < a + b. OF 172 (1) 



2 - k 2V^TP ' 



K (ax 2 ) cos (bx i )dx = ~^- [K(k)+K(k')]. (1) 

Jo Zva 



\*K a (ax-) cos (bx-)x'dx= ik !0 3 [2E(k) - K(k) +2E(k') - K(k')]. (2) 

J<> 2 Va3 
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K (ax 2 )cos (bx 2 )x 4 dx = n y ' [8(1 -2A 2 )£(A) - (5-8A 2 )£(A) 

Jo 2Va 5 



+ 8(l-2A' 2 )£(A')-(5-8A' 2 )/C(A')]. (3) 



f x \Ztt( kk') 7 

K (ax' 2 ) cos (bx 2 )x 6 dx = - /A [2(23- 128A 2 + 128A 4 )£(A) 
Jo zva 7 



(31-144A 2 +128A 4 )K(A)+2(23-128A' 2 

+ 128A' 4 )£(A')-(31-144A' 2 +128A' 4 )K(A')]. 



V^AF 



f X /d(ax 2 ) cos (bx 2 )x 2 dx= -k 2 )K(k)- -2k 2 )E(k) 

Jo l\a A 



Too \/7r ( kk' V* 

K,(a* 2 )co8 (bx 2 )x 4 dx= V /V [(1 - A 2 ) (1 -8A 2 )£(A) - (1 - 16A 2 + 16A- 4 )£(A) 
Jo 2Va° 



f °K,(a* 2 ) cos (6* 2 )* 6 rf* = - , ^ 7 )0 [(1 - A 2 ) (3 -80A 2 + 128A 4 )K(A) 
Jo IV a 1 

- (3 - 134A 2 + 384A 4 - 256k 6 )E(k) + ( 1 - A' 2 ) (3 - 80A' 2 + 128*' 4 )K(A' ) 

-(3-134A y2 + 384£' , -256/c Mi )£(£')]. 



r °° v7rAA' 

K 2 (a* 2 ) cos (bx*)x 4 dx = ir L 7=r [(\~k 2 )(2 + 5k 2 -8k<)K(k) 
Jo I Vo J 

-2(l-2A- 2 )(l+4£- f -4A- 4 )£(A) + (l-r j )(2+5A-" 2 -8r ')£(£') 

-2(l-2A-' 2 )(l + 4A-' 2 -4A-")E(A-')]. 



K 2 (a* 2 )cos(6* 2 )* 6 <fo = ^7V [(1 - A 2 ) (2 ■+■ 15A 2 - 144A: 4 



2V^ 

+ 128A«)K(A) - 2(1 + 7A; 2 - 135A 4 + 256A 6 - 128A- 8 )£(A:) 
+ (1 - k' 2 ) (2 + 15k' 2 - 144A-' 4 + 128A-' 6 )K(AO - 2(1 + Ik' 2 

- 135A-' 4 + 256A-' 6 - 128*' 8 )£:(fc')] . 



(4) 



+ (l-k' 2 )K(k')-(l-2k' 2 )E(k')]. (5) 



+ (l-A-' 2 )(l-8A' 2 )K(£')-(l-16A-' 2 +16/f")£'(A-')]. (6) 



(7) 



(8) 



(9) 



/> 



(ax 2 )sin(bx 2 )dx = ^~- [K(k) -K(k')] . 
2Va 



Ko(a* 2 )sin(6* 2 )* 2 <k = K "> [2E(k) - K(k) + K(k') - 2E(k')] . 

Jo 



2\fa? 



f " Ko(ax 2 )sin(6x 2 );t 4 <£<; = - _ ( ^ )5 [ 



2V^ 



+ (5 - 8k' 2 )K(k') - 8(1 - 2)t' 2 )£:(A')] . 
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(10) 
(11) 



(12) 



[" Ko(ax*)sin(bx 2 )x 6 dx= ^^^ [2(23 - 128A: 2 + 128k*) E(k) 

- (31 - 144£ 2 + USk 4 )K(k) + (31 - lUk' 2 + 128)fc' 4 )K(r) 

-2(23 - 128*' 2 + 128k' 4 )E(k')] . 

f °° V7T/7 

Ko(a* 2 )sin(6x 2 )*- 2 d* = --^% [2£(A) - K(k) + K(k') -2E(k')]. 

f " A:,(a* 2 )sin(6* 2 )a* = ^= [£ (&) - (1 - /fc 2 )K(ifc) + (1 - k' 2 )K(k') -E(k')] . 
Jo 2vakk 



(13) 

(14) 

(15) 



K 1 (ax 2 )sin(bx 2 )x 2 dx = * [(I - k 2 )K(k) - (l-2k*)E(k) 

Jo 



/> 



(ax 2 ) sin (6a; 2 )* 4 d;t = 



2V^ 

V77-(M') 3 

2Va5 



+ (1 - 2k' 2 )E(k') - (1 - fc' 2 )£()fc')] . 
[(1 - k 2 ) (1 - 8* 2 )K(A:) - (1 - 16A; 2 + 16k 4 )E(k) 



+ (1 - 16£' 2 + 16A' 4 )£(A;') - (1 - A;' 2 ) (1 - 8k' 2 )K(k')~\ . 



(16) 



(17) 



f" K, (a^ 2 )sin(^ 2 )x* i Jx = 77 " ( ^- ) [(1 - A 2 ) (3 - 80£ 2 + U8k 4 )K(k) 

Jo 



2Va~ 7 
- (3 - 134A- 2 + 384/c 4 - 256k 6 )E(k) + (3 - 134A' 2 + 384A;' 4 - 256k' 6 )E(k') 

- (1 - £' 2 ) (3 - 80k' 2 + 128k' 4 )K(k')] . 



Jo 
Jo 



>(ax 2 )sin(bx 2 )x 2 dx = 



Vtt 



[2(1 -k 2 + k 4 )E(k) - (l-k 2 )(2-k 2 )K(k) 



(ax 2 )sin(bx 2 )x 4 dx 



2Va 3 kk' 

+ (1 - A' 2 ) (2 - k' 2 )K(k') - 2(1 - k' 2 + k' 4 )E(k')] . 

[(1-k 2 ) (2 + 5k 2 -8k 4 )K(k) 



(18) 



(19) 



2 Va 5 

— 2(1— 2/t 2 ) (l + 4yc 2 -4A: 4 )£(A;)+2(l-2A:' 2 ) (H-4A:' 2 — 4A-' 4 )£'(A:') 

- (l-£' 2 )(2 + 5yc' 2 -8A'' 4 )A:(A:')]. 

I " K 2 (ax 2 ) sin (6* 2 ) x 6 dx = (A £. )3 [2 (1 + 7£ 2 - 135A: 4 + 256A 8 - 128k 8 )E(k) 
Jo 2 Va 7 

-(1-k 2 ) (2 + 15k 2 -U4,k 4 +128ks)K(k)+(l-k' 2 ) (2 + 15k' 2 -MU 14 + 128k te ) K (k' ) 

-2(l + 7k' 2 -135k' 4 + 256k" s -128' 8 )E(k').]. 



(20) 



(21) 



2.13. k 2 =l/2 1 - 



U X?b \ 

V Vb + V^+b 2 ^' 



fc 2 + fc' 2 = l 



f" K 2 (a* 2 )cos(2fct 2 )dx = X^(]_J^!i [ W) + K(k)] 2 . 
Jo 4V6 



(1) 
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r°° n — 2k 2 ) \Ttt 

K 1 (ax 2 )K (ax 2 )co S (2bx 2 )x 2 dx = -^=4^= [K(k') + K(k)] [k 2 K(k') 
Jo lbkk \b(a 2 + b 2 ) 

- (\-2k' 2 )E(k') + k' 2 K{k) - (l-2k 2 )E(k)]. (2) 



K 2 (ax 2 ) sin (2bx 2 )dx = \ ^ ; [K(k') - K(k)] 2 . 
Jo 



j> 



(ax 2 )K (ax 2 )sin{2bx 2 )x i dx = 



4Vb 

(l-2k 2 )V^ 



[K(k')-K(k)][k 2 K(k') 



\6kk' Vbid^ + b 2 ) 

- (1 - 2k' 2 )E(k') - k' 2 K(k) + (1 - 2k 2 )E(k)] . 



(3) 



(4) 



2.14. fc 2 =l/2 1 - 



2b 



Vb+ Va 2 + b 2 



fc 2 + Jc' 2 =l 



f oo i _ 2k 2 

K»{ax 2 )h{ax 2 ) cos (2bx 2 )dx= ^_ £(£) [K(A') + £(&)]. 

Jo 



2V7T6 



K„(ax 2 )I (ax 2 ) sin (2fc^*)<fa= „ ;= K(A) [K(fr') -KM]- 

Jo 



2.15. k 2 = 



2Vt7/> 

b 2 

a 2 + b 2 



(1) 



(2) 



r ^ 7r/* 

K,(as)A:o(a*)cos (2bx)xdx= — - E(k). (1) 

Jo 4a6 

r oo 77"/" 

K 2 (a*)K,(ax)cos (2bx)x 3 dx= T P I z [(1- k 2 )(3-4k 2 )K(k) - (3-\M 2 + 8k 4 )E(k)]. (2) 
Jo 16a6 ! 



/> 



(a*)Ko(ax) sin (2bx)x 2 dx=-^ [(l-k 2 )K{k) - (l-2k 2 )E(k)]. 



8ab 



/> 



2 (ax)Ki(a^) sin (26a:) * 4 cfa; = 



_3irk_ 
32ab 4 



X [(l-F)(2 + 5A; 2 -8/c 4 )K(^)-2(l-2A 2 )(l + 4A; 2 -4A: 4 )£'(A;)]. 
2.16. k 2 = 



(a-b) 2 + c 2 



(a + b) 2 + c 2 



f °° 7rVl k 2 

I £o(ax)Ko(6x) cos (cx)dx= ; K(k). 

Jo 2Val> 



Ko(ax)/£o(6*) sin (cx)xdx = V , ; [K(*) -£(*)]. 

Jo 8PV(a6) 3 
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(3) 



(4) 



OF 88 (1) 



(2) 



r K l (ax)K i (bx) sin (cx)xdx= 7rC o V J ** [(1 + k 2 )E(k) - (1 -k 2 )K(k)] . (3) 

Jo 8/c 2 V(a6) 3 



2.17. Jc 2 = 



a 2 + b 2 



(°° K l (ax)h(ax) cos (2bx)x-'dx = ^- [4(l-k 2 )K(k)-(4-5k 2 )E(k)]--^- 
Jo ok 6 



f°° K 2 (ax)h(ax) cos (2bx)x~ l dx = t^tz [4(1 -A: 2 ) (8 + A 2 )£(A:) - (32 — 12A: 2 — 23Ar 4 )£'( A:) ] 
Jo 15/r 



2a 

irb 



2« (2) 



218 - k2 = ( ^W^' o>b 



K (ax)I (bx) cos (ex) dx = — -=K(k). OF 87 (1) 

Jo 2\ab 

foe £ 

K x (ax)h(bx) cos (c*)xdx= 7— — — 7== 

Jo 16(1— k 2 )aV(ab) s 

X [yr 2 (a 2 -6 2 -c 2 )E(yc)+4^(l-F)^(A)]. (2) 

f°° K,(ax)h(bx) cos (cx)dk= — ^7= [(2 - /r 2 )#(A-) -2£(A) ]. (3) 

Jo 2k\ab 

f°° K 2 (ax)I 2 (bx) cos (cx)dx^ — ^= [(4- k 2 ) (4- 3k 2 ) K(k) -8(2- k 2 )E(k)]. (4) 

Jo 6k 3 vab 

roc 1 

I Kz(ax)h(bx) cos (cx)dx 
Jo 



30A- 5 Va^ 
X [(128-128/c 2 +,15A: 4 )(2-A: 2 )^(A:)-2(128-128A 2 -f 2U 4 )E(k)]. (5) 



I K^(ax)h(bx) cos (cjc)c?^ 
Jo 



210A 7 Vafc 

X [(6144- 12288F + 8000A; 4 - 1856^4- 105A: 8 )£(A-) -32(2-A: 2 ) (96 -96A: 2 + 11A 4 )£(A)]. (6) 



JKo(ax)Io(bx) sin (ex) x dx = - E(k). (7) 





ck 3 
8(1-F)V (afc)3 

cA 



foe c/c 

id(a«)/i(6x) sin(c*)*d* = , [(2- A 2 )£(£) -2(1 - k 2 )K(k)]. (8) 

Jo 8(l-A: 2 )VTaIF 

J o K f («)/,(te) sin (a)^^ M(1 .^ W3 - 

x[(16-16yc 2 + ^)£(^)-8(l-A 2 )(2-F)/C(^)]. (9) 
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I K 3 (ax 
Jo 



)h(bx) sin (ex) x dx = 



24P(1-A 2 ) \foTF 
x[(2-A- 2 )(128-128A' 2 -f3A- 4 )E(A) 

-2(l-A- 2 )(128-128A- 2 + 27A- 4 )A:(A-)]. 
2.19. &=- — , , x0 , „ = sin 2 tt, sin/3 = 



(10) 



(a + b) 2 + c 2 



V(a-b) 2 + c 2 
a>b 
A (a, /3) is Heuman's Lambda function 



/; 



ok 4Va&3 



K (ax)I, (bx) cos (cx)x~ l dx = ~^E(k) + " \" ,J1 ' £(«) - 7^ A (a, 0). (1) 



7TC 

46 



J'oo C^ 77- 

/C (a^)/i(tjc) sin (cx)rfx = -=.K{k) + — A (a,j8). 
4V^ 46 



(2) 






P/I . c£(2a 2 + 6 2 + c 2 ) 

^ ( A* ) 

AV«6 3 



,(a*)/ 2 (6x) sin(c*)<fo = _,_ £(*)- " ^ ,' / , ' ^ K(k) +j^ A (a,/3) + ~ (3) 



2.20. k 2 =l/2 1 - 



46V(a6) a 

a 2 -b 2 + c 2 
V(a 2 -b 2 + c 2 ) 2 4-4a 2 b 2 y' / 



7ra 
4ft 2 



77 

2a' 



k 2 + k' 2 =l 



f X Ko 

Jo 



A*' 



(ax)Jo(bx) cos (ex) ofo = — i=rK(k). 

vab 



f X K l (ax)J l {bx) cos («) <fct= . 1 , [£(£)- (l-P)K(AQ]. 
Jo y abkk 



(1) 



(2) 



Jo 



2(ax)./2(ox) cos (ex) dx = 



3 y/abikk') 3 



X [(1-P)(2-3 k 2 )K(k)-2(1-2k 2 )£ , (A:)]. (3) 



f- 2 

Kz(ax)JAbx) cos (ex) dx = rT 

Jo 15 VaO 



x[(8-23A 2 + 23A 4 )£XA)-(1-A 2 )(8-19A 2 +15A- 4 )K(k)]. (4) 



pKo(a*)./o(6*) sin (ex) x dx = ^j^X- [2E(k) - K(k)]. 
Jo V(ab) s 



(5) 



f x r\/kk' 

Ki(ax)J,(bx) sin (cx)xrfx = -i-L^L. [ (1 -k*)K(k) - (1 -2A 2 )£(A-)]. 
Jo 



V(a6)- ! 
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(6) 



f* K 2 (ax)J 2 (bx)sm (cx)xdx=— ° [2(1- P+k*)E(k) - {l-lc i )(2-k 2 )K(k)]. (7) 

Jo V(ab) 3 kk' 

f" K 3 (ax)J 3 (bx)sm (cx)xdx= — C [(8-15k 2 + U 4 ) (l-^)K(k) 

Jo SV(abkk') 3 



- (8 - 19 k 2 + 9k 4 - 6k 6 ) E(k)]. (8) 



3. Integrands Involving Products of Bessel and Hyperbolic Functions 

3.1. k 2 =^^, k 2 + k' 2 = \, a>b 
2a 



f" K (ax 2 ) cosh (bx 2 ) dx=-^-[K(k)+K(k')]. (1) 

Jo 2 V2a 



J t "*.(a*») cosh (6* 2 ) «^- 4(o ,_ 6 T )vS 

x [2aE(A)-(a-o)K(fc)+2a£(&')-(a+»)K(r)]. (2) 

| o X X.(««) cosh (W) «^- 8(B ,_ 6 ,*,^ 

x[(a-6)(a-36)^(A)+8o6£(A)+(a + 6)(a + 36)«(A:')-8a6£(*')]. (3) 



j["j&(«») cosh ( fa») ^= 16(a2 _ 6 r )3v ^ 



X [2a(9a 2 + 23o 2 )£ , U)-(a-a)(9a 2 -8a6+15a 2 )A:(A-) 

+ 2a(9a 2 +23o 2 ).£(A-')-(a + &)(9a 2 + 8a0+15& 2 )KU')]. (4) 



J> 



(ax 2 ) cosh (bx 2 ) x 2 dx = 



4(a 2 -£ 2 ) V2a 



X [(a-o)K(A) +2bE{k) + (a+b)K(k') -2bE(k')]. (5) 



f " K,(ax 2 ) cosh (ox 2 )* 4 d* = — — — [2(Sa 2 + b 2 )E(k) 

Jo 8(a 2 -6 2 ) 2 V2^ 



-(a-b)(3a-b)K(k)+2(3a 2 + b 2 )E(k')-(a + b)(3a+b)K(k')]. (6) 

f°°K,(ax*)cosh (6* 2 )* 6 d* = — [(5a 2 -24a6 + 3o 2 ) (a-b)K(k) 

Jo 16(a 2 -6 2 ) 3 V2a 

+ 26(29a 2 + 36 2 )£(^)+(5a 2 + 24a6 + 36 2 )(a + 6)/f(yc')-26(29a 2 + 36 2 )£(A')]. (7) 

I " K 2 (a* 2 ) cosh (&x*)s<<fe = OT ; [(5a 2 -3a6-4o 2 ) (a-b)K(k) 

Jo 8(a 2 -6 2 ) 2 V2^5 

+ 8&(2a 2 -6 2 )£(Ar) + (a + 6)(5a* + 3afr-46*)jr(A')-86(2a*-6»)£(*')]. (8) 
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f" K (ax 2 ) sinh (bx i )dx = -^j= [K(k) -K(k')] 
Jo 2 V2a 



(9) 



f " Koiay?) sinh (bx 2 )x 2 dx = ,_ [2aE(k) - (a-b)K(k) + (a+b)K(k') -2aE(k')]. 

Jo 4(a 2 -6 2 )V2a 



4(a 2 -6 2 )V2a~ 

(10) 



f°°*o(a*')sinh(fct 2 )s<d* = ^ [(o-6)(o-36)K(A) 

Jo 8(a 2 — tr) 2 V2a 

+8aA£(ifc)+8aM:(ifc')- (<*+») (a+3o)K(A:')]. (11) 

[" K (ax*) sixth (bx*)x°dx= -^TTW [2a(9a 2 + 236 2 ) £(A) 

Jo 16(a 2 — a 2 ) 3 V2a 

-(a-o)(9a 2 -8ao+15o 2 )Ka)+(a + o)(9a 2 + 8ao+156 2 )A:(£') 

-2a (9a 2 + 236 2 )£ (£')]. (12) 

f" K,(a* 2 ) sinh (bx*)x*dx = -^ [(o_6)K(A) 

Jo 4(a 2 — o 2 ) V2a 

+ 2bE(k)+2bE(k') - (a + 6)K(A')]. (13) 

f"K 1 (B* 1 )siiih(Ax , )*<<fe = — — = [2(3a 2 + 6 2 )£(£) - (a-a)(3a-6)K0fc) 

Jo 8(a 2 — 6 2 ) 2 V2a 

+ (a + o)(3a + 6)/(:(/c')-2(3a 2 + 6 2 )£(yf')]. (14) 

f" K,(ax 2 ) sinh (bx*) x«dx = ——^— 7 =[(Sa*-24ab + 3b*)(a-b)K(k) 
h 16(a 2 — o 2 ) 3 V2a 

+ 2A(29a 2 + 36 2 )£()t) + 26(29a 2 +3o 2 )£(yc')- (5a 2 + 24a6 + 36 2 )(a+ &)£(£')]• (15) 

["/^(ax^sinh (bx 2 )x*dx = ; [(5« 2 -3afe-46 2 )(a-6)A:(^) 

Jo 8(a 2 -6 2 ) 2 V2a 5 

+ 8A(2a 2 -6 2 )£a)+86(2a 2 -6 2 )£()t')-(a + o)(5a 2 +3a6-46 2 )K(A:')]. (16) 
3.2. * 2 =^» a>b 



I Ki(a*)K (<ix) cosh {2bx)xdx= £(A). (1) 

f" Kiiax)^ (ax) cosh (2bx)x s dx= 16g 4 t »n_ t i ) » [(3+7A*-2**)E(A) 

-(l-4*)(3+P)K(A)]. (2) 



| o °X 1 (a^)/C»(ax)sinh(26x)^ai=^^ : -— [(! + **)£(*)- (1-A*)X(A)]. (3) 
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Too ?>Trb 

K 2 (ax)K 1 (ax) sinh (2bx) x 4 dx = 



S2a 6 k 4 (l-k 2 ) 4 
x[(l-k 2 )(2-9k 2 -k 4 )K(k)-2(l + k 2 )(l-6k 2 + k 4 )E(k)]. (4) 

33 (o-b) 2 -c* , c^-(o-b) 2 

3 * 3 * kl "(a + b) 2 -c 2 * 2 ~ 4ab 

a>b 



Too ^ ^/J —k 2 

I /£o(a*)^o(ta) cosh (c;e) dx = 7= — K(k\) , c<a — b; 

Jo 



2 Vab 

K(k 2 ), a-b<c<a + b. (1) 



2 Va6 



foe 7rcV(l-A;2)3 

7£o(a*)£o(ta0 sinh (c*) x dx = ; [K(k\) — E(ki)] , c < a—b; 

Jo 8/c? V(a6) 3 



8/cf V^&T 3 



7TC 



[E(^)-(1-^ 2 )^U 2 )], 



8/c|(l — A:|) Vfafc) 3 

a-6<c<a+fc. (2) 



:Vl-/c? 



Too 77cVl — /bf 

X 1 (ax)^ 1 (6%)sinh (cx)xdx= ; = [(1 + k 2 )E{k,) - (1 - A? )K(*i)], c<a-b; 

Jo 8/c 2 V(a6) 3 



.[(l-*|)X(fa)-(l-2*i)£(fa)], 



8*i(l-A-f)'\<a6) r 

a-i<c<a+6. (3) 



3.4. |<2 = *5* , a>b + c 

(a + b) 2 -c 2 



f x A; 

K (ax)Io(bx) cosh (cx)dx= K(k). (1) 

Jo 2V^& 

I °° K x {ax)I x {bx) cosh (cx)dx= ^— [(2- k 2 )K(k) -2E(k)]. (2) 

Jo 2A:V^ 

[ X £ 2 (a*)/ 2 (Mcosh (cx)dx = l —= [(4-F) (4-3k 2 )K(k) -8(2- k 2 )E(k)]. (3) 

Jo 6k 3 Vab 

r« l 

K 3 (ax)h(bx) cosh (cx)flfe= — [(128- 128A: 2 -h 15A 4 ) (2-k 2 )K(k) 

Jo 6\)krV ab 



-2(128- 128A: 2 + 23A; 4 )£(A;)]. (4) 
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[" IU{ax)U{bx) cosh {cx)dx = ^= [(6144 - 12288F + 8000/c" - 1856A* + \05k»)K(k) 

Jo 210k 7 \ab 

- 32(2 - k-) (96 - 96k- + \lk*)E(k)]. (5) 



f~Ko 

Jo 



(ax)Io(bx) sinh (cx)xdx = 



ck 3 



8(l-P)V(ab)- 



:E(k). 



(6) 



j'K, 

Jo 



(ax)Ii(bx) sinh (cx)xdx 



ck 



8(1 -k-)V(aW 



j'K 

Jo 



2(ax)h(bx) sinh (cx)xdx = 



[(2 -k*)E(k)- 2(1 -k*)K(k)]. (7) 



[(16 -16ft» +**)£(*) 



8A:(l-A; 2 )V(^p 

-8(1 -A 1 ) (2 -**)£(*)]. (8) 



I K:i(ax)L,i(bx) sinh (cx)xdx 

Jo 



— — ~— 7= = [(2 - F) (128 - 128A* + 3 ^)£ W 

24A- { (1 — ft 2 ) V(ab) s 

- 2(1 - ft 2 ) (128 - 128ft 2 + 27k 4 )K(k)]. (9) 



3.5. k 2 =M2 1 - 



, 2 -b 2 -c 2 



V(a 2 -b 2 - c 2 ) 2 + 4a 2 b7' 
a > c 



fc 2 + lc' 2 =l 



/ftft 7 



I " K (ax)Jo(bx) cosh (c*)d* = f*W- ET I] 15(23) 

Jo vab 



foe . ] 

Kdax)Mbx) cosh (c^)dx=- 7 == [£(*)- (1 - ft 2 )K(ft)]. 

Jo Vabkk 

foo 1 

K 1 {ax)J 1 {bx) cosh (c*)cfo = 

Jo 



(i) 

(2) 



3Va6(M') ;! 



X [(1 - F)(2 - 3F) K(A) - 2(1 - 2F)£(it)]. (3) 



J"* 

Jo 



3 (aa:)y3(ia;) cosh (cx)dx = 



1 



15Va6(M') 5 
X [(8-23F + 23/c 4 )£'(A:) - (1 - k*)(8-19k 2 + 15k 4 )K(k)]. 



f " K (ax)Jo(bx) sinh (cx)x<k = C ^^11^ [2£(A) 
Jo 



vp 1 



(4) 



(5) 



Jo 



i(ax)7i(6*) sinh ( ex )*<£*; : 



cVtf 
V(a~by 



[(l-k 2 )K(k)-(l-2k 2 )E(k)]. (6) 



f"Ai(<w)./i(& 

Jo 



a) sinh (c*)x^ = - 7 =====[2(l-A 2 + A 4 )£(A)-(l-A 2 )(2-A 2 )#C(A)]. (7) 

V (ab) A kk 
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j^ K 3 (ax)J 3 (bx) sinh {cx)xdx = ^=== [(8-15F + 3A 4 ) (1 - k*)K{k) 

- (8-19k i + 9k 4 -6k 6 )E(k)~\. (8) 

36 t,= ' /2 (' ~ ^-V-.y' +AaV } 
2b 2 



V(a 2 - b 2 - c 2 ) 2 + 4a 2 b 2 - (a 2 - b 2 - c 2 ) 
cn(u), sn(u), cfn(u) are Jacobian elliptic functions 
a > e 



f°°K, («*)•/<>(&*) sinh (cx)dx= - [uE(k) - K(k)E(u) 
Jo a 



+ sn(u)dn(u) E T II 15 (24) (1) 

cnyu) 



4. Miscellaneous Single Integrals 



=m (\ p 2 -° 2+b2 ) 

V V(p 2 -a 2 + b 2 ) 2 + 4a 2 b 2 / 
k 2 + k' 2 =-\, p>a 



{" e-P*h{ax)J«(bx)dx- 



2 VM' 

■nVab 1 ^"''' (1) 



f° e-^/o(a^)y (^)^ = - ? ^^^ 3 [2£U) -K(i)]. (2) 

Jo 77V(a&) 3 

f" e-»*I t (ax)J 1 (bx)dx = — -^== [E(k) - (l-k^)K(k)]. 
Jo TT\abkk 

e-"'I 1 (ax)J 1 (bx)xdx = f J^- [(l - WW - (1 ~ 2P)E(k)]. 
Jo irV(ao) 3 

f " e-fh{ax)Ubx)dx = —- ] k== [(1 - F)(2 - W)K(k) - 2(1 - 2k*)E(k)]. 
Jo 5irvab(kk ) J 

f " e-P*h(ax)J 2 {bx)xdx = — J^== [2(1 - F + *«)£(*) - (1 - £ 2 ) (2 - k 2 )K(k)]. 
Jo ir\(a&) 3 M 

f°°e-P*/3(ax)y 3 (6*)<fe = ^=^=[(8-2W+23k*)E(k)-(l-k 2 )(8-19k i + 15k*)K(k)]. 

Jo 15tt yJab{kk'f 



(3) 

(4) 
(5) 
(6) 



(7) 
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I e~P x h(ax)Jz(bx) % dx = 2p [(8— 15A: 2 -h3A: 4 ) (l-k 2 )K(k) 

Jo 3tt Vlabkk') 3 



3tt V(abkk') 

-(8- 19P + 9& 4 -6A; 6 )£(A)j. (8) 

4.2. k 2 



-hb 2 



f» 2A- 

[7 (ax) - L (az)] JoCte) ck = — K(A). OB 26 (2.141) (1) 

Jo 7T(l 

[ °° [7, (a*) - L 1 (ax)] 7 (te) *- l <fc = ^ [£(*) - E(k)]. (2) 

f 00 2a 

[7 s (az) - h 2 (ax)\ Jo(bx) x~ 2 dx = [(2 + k 2 )K(k) - 2(1 + k 2 )E(k)]. (3) 

Jo 97rA { 

f 00 2a 2 

[/ 3 (a^)-L a (ax)J7o(fcx)^" 3 flk = oor H [(8+3F + 4A: 4 )/C(A) — (8 -h 7A: 2 -h 8A: 4 )£*(A:) J . (4) 

Jo ZZbTTK* 



4.3. k 2 



f X [Ho(a*) - K (ax)] 7o(6*) dx = - 4 L ^ K(A). OB 26 (2.140) (1) 

Jo 7r{a ■+■ o) 



'£T 



(""e-d^-Ox'/il a 2 x 2 ) erfc (x) x 2 <& = ;=£(*). (1) 

Jo V 2 / (l + a)Vir 

f" e-< 1 ' 2a, - , ) J;! '[/o(^ a 2 x 2 )-/,(| a 2 x 2 )]erfc(%)* 2 a!* = [(1 + a)E(k) - 2aK(k)]. &) 

Jo \* / \* ' a 2 (l — a 2 ) V7T 



4.5. k 2 = 



1+a 2 



f%-" 2 » v i[o(|ay) erfW«fa= j [(l + a 2 )£(A:)-a 2 A:(/:)]. (1) 

Jo \^ / a 2 Vl + a 2 

|" e-^'^K, (\a*A ed(x)x s dx = j [2a 2 (a 2 -2)K(k) 

Jo V 2 / 6a 4 Vl + a 2 



-(2a*-3a 2 -8)E(k)]. (2) 
157 



4.6. fc 2 = 



l+2a 



f " e -(i+«)x^ (aa;2)Lo(a; 2 )^= V^kK(k). 
Jo 

f" e -(Ha) I 'X ( ( rf)L 1 (^ ( it=^|[2£(i)-(l-it ! )«:(A)]. 
Jo 16a 2 £ 



3 V^r 



4.7. fc 2 = - * 



1 +o 



f%-< 1+2o >*%>(* 2 )L,(2a* 2 ) * 2 cfo = ^1 [2E(£) -&(&)]. 
Jo 8 V2a- i 

f" e -(i + 2a)x« x ( x *)^ 2 (2ax») * 4 d* = 3 ^L [8(1 - a)E(k)- (5- 3a) K(k)]. 
Jo 128 V2^ 

e-(i + 2«)x'^ ( x *)Z ( 3(2ax*) *«dx= ' 
Jo 



r e -d+s 

Jo 



^■^(x^Lf^a* 2 ) *«<& = 



f °° e -«+«*x«jf (jjijni) (2aa; 2 ) x 8 dx = 
Jo 2048 V2a 15 



Jo 



1/2 



(ax 2 )r2(a^ 2 )+y 2 (a^ 2 )y- 1/2 (ax 2 )]y 2 (26^ 2 )^ 2 ^ 



(1) 



(2) 



j%-'^''^K (ax i )LAx 2 )x 4 dx=-^^[8(l + k 2 )E{k)-(l-k i )(5 + 3k 2 )K{k)]. (3) 



(1) 

(2) 



1024 V2a" 

X [2(23-82a+23a 2 )£(A:)-(31-82a+15a 2 )K(yc)]- (3) 

3 VttA: 7 
128 V20 77 

X [(2 + 9a-a 2 )K(A;)-2(l-a)(l+6a+a 2 )£(A;)]. (4) 
15 VttA: 11 



X [(2 + 21a-108a 2 + a 3 )A:(A:)-2(l + lla-108a 2 +lla 3 + a 4 )£(A:)]. (5) 

4.3.0 * *Z5 f fa>a 
b+ a 



f " [J-vMx^Y^ax 2 ) +Max*)Y- 1 i 2 (ax*)]M2bx*)x i dx=- J - , J - , . £(*). (1) 

f" [y-,/ 2 (^ 2 )r,(a^)+y 1 (a^ 2 )y- I/2 (ax 2 )]y 1 (2^ 2 )x 2 ^= 2(g + 6 ) [£(*) XT «(*)]. (2) 

Jo V 7r } a 3 6 a + 6 



I V *Wa + 6) [4»(« + 6)«(*)-«(« + «)^(*)]- W 



6 For 6 < a the integrals vanish. 
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b— Vb 2 — a 2 
4.9. fc 2 = 2 fc > *>>« 



fc Ww W^- i a ^L iW. 



4.10. fc 2 = — , b>a 

2b 



1" 

Jo 



r d/4) 
2tj- 2 6 Va F(3/4) 



J . m {ax 2 )Y ^{ax^J . U4 {bx ,i -n 4 (bx 2 ) x 2 dx = - - '>,', *(*)■ U) 



f X y 1 /4(a^)y 1/4 (aa; 2 )y„4(6x 2 )J'„4(^ 2 ) * 4 dx 
Jo 



r(3/4) Va 



4-n- 2 6 :i r(l/4)A- 2 (l-P)(l-2F) 

X[(l -**)£(*) -(l-2Jfc 2 )£(A)]. (2) 



5. Double Integrals 



5.1. fc 2 = — ' pq>a 2 
P<J 



f * f " e-^ 2 -"v 2 h(2axy)dxdy= —^= K(k). (1) 

Jo Jo 2\pq 



f" f" e-" j2 -««7 (2a^y)r ! rf^y= ? ^=E(k) 

Jo Jo 7 " 4(1 -A 2 ) vW 



(2) 



f" f%-P*'-^/ (2a*y)y«<krfy= — * [2(2-A 2 )£(A-) - (1 - A 2 )K(A)]. (3) 

Jo Jo 8(1 — P) 2 Vpg 5 



( | e-* x *-9^/ (2aa:y)y s d*dy= 

J" J " e-P x2 -o«%{2axy)y 8 dxdy= 



1 



16(1-A- 2 ) 3 VV 

x[(23-23A 2 + 8/c 4 )£(A-)-4(2-A- 2 )(l-A- 2 )A:(A:)]. (4) 

1 



32(1 -A 2 ) 4 Vpa 3 
X[8(2-/c 2 ) (11-11A 2 + 6A 4 )£(A)-(1-A 2 )(71-71A 2 + 24A- 4 )K(A)]. (5) 



f" f" e -iw-«iC/ (2axy) x 2 yHxdy= J 7= [2E(A) - (1 -A- 2 )K(A)]. 

Jo Jo 8(l-A 2 ) 2 VpV 

f " [V^ 2 -™7 (2a*y) x*y*dxdy= \ 7= [(7 + A l )£(A) -4(1 -A 2 )K(A:)]. 

Jo Jo 16(1 -F) ! Vp 3 a 5 



(6) 

(7) 
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| j e-f )x2 -^ 2 I (2axy) x 2 y 6 dxdy = 
Jo Jo 



i 

32(1 -A: 2 ) 4 VpV 

[2(\9 + 6k 2 -k*)E(k) - (1- A: 2 ) (23 + k 2 )K(k)]. (8) 



f W f"e-"- r2 -w7 (2axy) xy<£«/y= 1 7== 

Jo Jo 64(1-A- 2 ) 5 V^V 

x[(281 + 142A: 2 -47A: 4 + 8A: 6 )£(A)-4(l-P)(44 + 5A 2 -/t 4 )/«:(/t)]. (9) 

^|%-^-^ /42a3;y )- 3cV ^ y = 32(i _^ 4 ^_ 

X [8(l + k 2 )E(k)-(l-k 2 )(5 + 3k 2 )K(k)]. (10) 

f X f X e-^ 2 -^7 (2a^r) x 4 y 6 dxdy= — ^ 7= 

Jo Jo 64(1-F) 5 V^V 

X [(43 + 82/c 2 + 3A: 4 )£ , (A:)-4(l-A: 2 )(7-h9A: 2 )K(/c)]. (11) 

3 



\ \ e-v x2 -™ 2 Io(2axy)x 4 y s dxdy = 
Jo Jo 



128(1- A: 2 ) 6 VpV 
X [2(158 + 449A: 2 + 36A: 4 -3yc 6 )E(A:)-(l-A: 2 )(211+426A: 2 -h3A: 4 )X(A:)]. (12) 



^ ( X e-v* 2 -™ 2 Io(2axy)x 6 y 6 dxdy = 
Jo Jo 



128(1 -k 2 ) 6 Vp 7 q 7 
X [2(23-h82/c 2 + 23A: 4 )£(A:)-(l-F)(31 + 82A: 2 +15A: 4 )K(A:)]. (13) 



[ X ( X e-P**-<'*Io(2axy)x 6 y 8 dxdy= 

Jo Jo 



256(1- k 2 ) 1 VpV 

X [ (337 -h 1773A: 2 -h 947A: 4 + 15A: 6 )£ ( A:) — 8 ( 1 — A: 2 ) (29 -h 1 18A: 2 -h 45A: 4 )X( A:) ] . (14) 

\o \o e px2 ~ Qy2I ^ 2ax y^y dxd y= ± pqk {\-k 2 ) [E{k) ~ (1 -* 2 )^*)3- < 15 ) 

So So e ~ 1JX2 ~ qy2I ^ 2ax y^y 3dxd y= s pq 2 k(i-k 2 ) 2 [< 1+ * 2 ) g w ~ a-mwL (i6) 



Jo Jo 



1 



\6pq*k{l-k 2 )* 

x [(3 + 7k 2 -2k 4 )E(k)-(l-k 2 )(3 + k 2 )K(k)]. (17) 



I X | %-P* 2 -™7 1 (2axy) xy 7 dxdy = 
Jo Jo 



32pq 4 k(l-k 2 ) 4 
X [(15 + 58A: 2 -33A: 4 -h8A: 6 )^(A:)-(l-A: 2 )(15+13A: 2 -4/c 4 )^(A:)]. (18) 



I X I X e-» x *-<i#h{2axy) x*y 3 dxdy-- 
Jo Jo 



1 



\6p 2 q 2 k{\-k 2 y 

X [(l + 7k 2 )E(k) - (1- k 2 )(l + 3k 2 )K(k)]. (19) 
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I " I = °e-" x2 -"«7 1 (2ajty) x 3 y 5 cfa;rfy= 



32pVA-(l-A: 2 ) 4 

x [(l + Uk 2 +k*)E(k)-(l-k 2 )(l + 7k 2 )K(k)]. (20) 



Jo Jo 

n~ 

Jo Jo 



e - p x * " ""7 , ( 2a*y) x 3 y 7 dxdy = 



64pV*(l-A 2 ) 5 

X [(5+ 108P+ 17A 4 -2A 6 )£(*) - (l-/c 2 )(5 + 58F + A; 4 )K(£)]. (21) 



e-V-WIt (2axy)x 5 f'dxdy = 



64/>V/c(l-A: 2 ) 5 
X [(3 + 82£ 2 + 43& 4 )£(A:)-(l-A: 2 )(3 + 46A: 2 +15;c 4 )K(A:)]. (22) 



x [(3+125A- 2 +125A- 4 + 3A- ,i )£'(yf)-(l-A' 2 )(3 + 74A- 2 + 5U 4 )^(^)]. (23) 

f" (~ e» J - 2 <i!i*I,(2axy)x-'y- , dxdy=j [E(k) - (\-k 2 )K(k)]. (24) 

Jo Jo k 

[ x f" e -"- r2 -"«7 1 (2axy)a;- | y^^y=7rT [#(*) ^(A)]- (25) 

Jo Jo 2(//f 

f " f " e-"**-<>*Ii{2axy)x- l y*dxdy= ( j _^ 2) [(l-IP)X(Jfc)- (1-2A*)£(A)]. (26) 

x[(l-A- 2 )(3-4A- 2 )K(/c)-(3-13A: 2 + 8A: 4 )£(£)]. (27) 

f 50 f°° 1 

e-P*'-<n»l i (2axy)x- 1 y , 'dxdy=— — - — — [(1 -k-) (15-43F + 24* 4 )K(A:) 
Jo Jo l6q 4 k(l — k-)-< 

-(15-103A 2 + 128A 4 -48A 6 )E(A)]. (28) 



f x f" e - l >x*-«y*i. 1 (2axy)dxdy= — [(2-A 2 )£(A) -2£(A)]. 

Jo Jo 2k-VM 



(29) 



f" f"e-^ 2 -«!'7 2 (2a^y)y 2 ^rfy= = [(2 — **)£(*> —2(1 — *»)Jt(Jfc)]. (30) 

Jo Jo U 2 (l-k 2 )Vpq 3 

I I e^ 2 -™7 2 (2a:*:y)y 4 <fe:dy= — — — 

Jo Jo 8A 2 (l-F) 2 Vpg 5 

X[2(l- k 2 + k 4 )E(k) - {1- k 2 )(2- k 2 )K(k)]. (31) 



e-v* 2 -<iy 2 I 2 (2axy)y 6 dxdy= z + 

Jo Jo 



1 
16k 2 (l-k*)»Vpq 7 



1 fil 

591-673 O - 76 - 5 



x[(6-9A: 2 -hl9A: 4 -8A: 6 )E(A:)-2(l-A: 2 )(3-3A: 2 -h2A: 4 )/i:(A:)]. (32) 

( f °° e-P* 2 -™ 2 h(2axy)x 2 y 2 dxdy= — = 

Jo Jo 8A; 2 (1-A 2 ) 2V PV 

x[(l-k 2 )(2-Sk 2 )K(k)-2(l-2k 2 )E(k)]. (33) 

1 



Jo Jo 



/■/■ 

Jo Jo 



e-p** -m*I 2 (2axy)x 2 y 4 dxdy= 



e - px * - vv i I 2 (2axy)x 2 y 6 dxdy = 



16A: 2 (l-F) 3 VpV 

x[2(l-F)(l-3F)/i:(yc)-(2-7A: 2 -3/c 4 )£(A:)]. (34) 
3 



/•oo Too 

e -/>* 2 - qv 2 I 2 (2axy) x 4 y 4 dxdy 
Jo Jo 



Jo Jo 



/"/■ 

Jo Jo 



e -" x2 " ^72 (2axy):»; 4 y 6 cfe;dy = 



32F(1-A: 2 ) 4 V^V 

x[(l-P)(2-9A; 2 -A; 4 )£(A:)-2(l + A: 2 )(l-6A; 2 + A; 4 )£(£)]. (35) 

1 

32F(l-ifc 2 ) 4 V^ 

x[(l-/c 2 )(2-llP-15A: 4 )K(A;)-2(l-6P-19A: 4 )£:(/c)]. (36) 
3 



64F(1-F) 5 V^V 



e-P* 2 - iv 2 I 2 ( 2axy)x 4 y 8 dxdy = - 



x[2(l-k 2 )(l-8k 2 -25k 4 )K(k)-(2-17k 2 -l08k 4 -5k 6 )E(k)]. (37) 
15 



128A: 2 (1-A: 2 ) 6 V^ 
x[(l-k 2 )(2-2lk 2 -108k 4 -k< i )K(k)-2(l-Uk 2 -108k 4 -nk 6 + k 8 )E(k)]. (38) 

f f e -P^-w7 2 (2a^y)a;- 2 dj«;dy= ^= [(2-P)£(/c) -2(1 -*»)£(*)]. 

Jo Jo 3A: 2 V g 



/* 00 /• 00 \ / „ 

c-i« 1 -wv 2 (2axy)x- 2 y 2 rf«rfy= T=[(2 + A: 2 )K(/c) -2(1 + A: 2 )£(&)]. 

Jo Jo 6k 2 Vq 3 

( [ e -P x2 -«y 2 I 2 (2axy)x- 2 y 4 dxdy= 
Jo Jo 



II" 

Jo Jo 



e -px 1 -m 1 I 2 (2axy)x- 2 y 6 dxdy = 



(39) 



(40) 



\2k 2 (l-k 2 )V^ 
x[2(l-k 2 )(l + 2k 2 )K(k)-(2 + 3k 2 -8k 4 )E(k)]. (41) 

8F(1-F) 2 V^ 



x[(l-k 2 )(2 + 5k 2 -8k 4 )K(k)-2(l-2k 2 )(l+W-4,k 4 )E(k)]. (42) 
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f 00 f °° 2^pn 

e ^ 2 -^7 2 (2a^y)^-V 2 ^^r=-^rF[(2-3F)(l-A: 2 )^(^)-2(l-2/c 2 )^(A:)]. 
Jo Jo Vk z 

(43) 

J J e ^ 2 -™7 ;i (2a*y)*ydxdy = 
Jo Jo 



r oc /* oc 

Jo Jo 



Jo Jo 



/■/" 

Jo Jo 



Too Too 

Jo Jo 



Jo Jo 



e -P*«- w 2 / 3 (2a*y)*y 3 d*dy = 



c -/^ 2 -w7 3 (2a^y)xy 5 da:rfy = 



4pgJfc 3 (l-A; 2 ) 

x[(8-7£ 2 )£(£)-(l-F)(8-3F)A:(£)]. (44) 

1 
8pg 2 P(l-A; 2 ) 2 

x[(8-9F)(l-A: 2 )K(yc)-(8-13^ 2 + 3A: 4 )£ , (A:)]. (45) 

1 



c -p*» - w 2 I. i (2axy)x 3 y 3 dxdy = 



16pg 3 A: 3 (l-* 2 ) 3 

X[(l-/c^(8-15A: 2 -h3A: 4 )A:(A:)-(l-2A- 2 )(8-3^-h3A: 4 )£ , (A:)]. (46) 

1 



e -;^ 2 - w7 3 (2a*y) jrV dzdy = 



16pV/c 3 (l-A: 2 ) 3 

X[(8-23P + 23A: 4 )£(yc)-(l-F)(8-19F-hl5A: 4 )/C(A:)]. (47) 
1 



e -par* - w»/ a ( 2a%y ) x*y*dxdy = 



32p 2 q*k 3 (l-h 2 ) 4 

x[(8-33F-h58A: 4 -hl5yc 6 )i:(A:)-(l-F)(8-29A- 2 -h45^ 4 )^(A:)]. (48) 
1 



64pVA: 3 (l-£ 2 ) 5 
x[(8-47A 2 -hl42yc 4 + 281A: 6 )£(^)-(l-F)(8-43A: 2 +122A: 4 -hl05A: 6 )^(A:)]. (49) 

Too Too J 

e ^ 2 -^7 3 (2a^y)^- 1 yrf^y=T-7[(8-5A: 2 )A:(A:)-(8-^ 2 )^(^)]. (50) 

Jo Jo ogP 

x[(8-3Ar 2 -2^ 4 )£:(A:)-(l-A: 2 )(8 + A: 2 )X(A:)]. (51) 

Cj%-v- W 7 l ( 2my )»- y ^= Mgltl( 1 1 _ tl) , 

x[(l+/c 2 )(8-13^ + 8A: 4 )£(A:)-(l-F)(8-F-4)t 4 )^(^)]. (52) 

| f - e-'- 2 ""7 :( (2a^y)x-'y l d^y=-i- [(8-7A 2 )£(A) - (8 -3* 2 )(1 -**)£(*)]. (53) 

Jo Jo VA:' 
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r r e-P* 2 -™ 2 h(2axy)x- l y- 3 dxdy = — — [(S-9k 2 )(l- k 2 )K(k) 
Jo Jo 45A 3 

-(8-Uk 2 + 3k 4 )E(k)]. (54) 

J J e -^ 2 -^7 3 (2ao:y)x- 3 yrfxrfy = 
Jo Jo 



ISak 3 

x[(8-M 2 -2k 4 )E(k)-(8 + k 2 )(l-k 2 )K(k)]. (55) 



f 00 r e - / ^-^2 /{(2axy)x _3 y 3^^ y= _P_ [(8 + 3^2 + 4^4) K(A;) — (8 + 7A: 2 -h8A: 4 )£'(A:)]. 
Jo Jo 30g 2 A: 3 



vpq— vpq — a 2 

5.2. fc 2 = — , pq>a' 

2V^ 



J J e-^ 2 -^7f(a^y)^ 2 ^c?y = 
Jo Jo 



Vp 



3ttA: 2 (1-A: 2 ) V^ 
6ttA: 2 (1-A: 2 )(1-2A: 2 )V^ 



r oo /* oc 

e -^ 2 -^T 2 (axy)^- 2 y 4 J^y- —^ [(1 - 16£ 2 + 16A 4 )£(fc) 

•^ o Jo 



(56) 



x[(l-P)(8+13P + 24/c 4 )K(A;)-(8 + 9£ 2 + 16A; 4 -48£ 6 )£ , (A:)]. (57) 



e-^ 2 -»i/ 2 / 3 (2axy)x- 3 y- 3 ^Jy=^7^ [(8-23P + 23/c 4 ) £(A) 
Jo Jo 225A: 3 

-(l-ifc 2 )(8-19A: 2 + 15/fc 4 )K(*)]. (58) 



f " J™ e -»* 2 -i» i n(axy)dxdy= — — [K(k)] 2 . (1) 

J J 77" V pq 

f" f" e -" j2 -w7 (a%y)x 2 &rfy = K(k) [2E{k)-K(k)]. 

Jo Jo ■ 2ir(l-2k 2 )Vp3q 

f" f X e -' ur, -w 1 /;(axy)rfxrfy= —[£(*)- 1 -**)£(*:)]. 

Jo Jo Trk 2 (l-k 2 )Vpq 



(2) 



277A- 2 (l-A 2 )(l-2A: 2 )Vp3 g 
x[£(^)-(l-A: 2 )/i:(A:)][(l-F)A:(yc)-(l-2F)f:(A:)]. (4) 



/» 00 /• 00 

e-^ 2 -«« 2 / 2 (axy)x- 2 y 2 ^rfy= =X [(1 -**)£(*>) - (1 -2& 2 )£(*)]? (5) 

Jo J 



■(l-i*»)(l-8**)X(*)] [(l-2£ 2 )£(£)-(l-;t 2 )/<;(£)]. (6) 
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J J e-P**-w 2 Il(axy)dxdy= [(2-3A: 2 ) 

J o -J 



9tt^ 4 (1-A' 2 ) 2 V^ 

X(l -&*)£(£) -2(1-2F)£:(£)] 2 . (7) 



f°° (™ e»* 2 ™ 2 I 2 (axy)x 2 dxdy= — = [2(1 - k 2 + k 4 )E(k) 

Jo Jo 67Tk 4 (l-k 2 ) 2 (l-2k 2 )Vp 3 q 



I J e-^ 2 ™ 2 I\{axy)x- 2 y 2 dxdy = 
Jo •'o 



/* 00 /* oc 

e-» rl -w 2 I\(axy)dxdy = - 



67rA: 4 (l-A: 2 ) 2 (l-2A; 2 )Vp3 9 
-(2-k 2 )(l-k 2 )K(k)] [(2-M 2 )(l-k 2 )K(k)-2(l-2k 2 )E(k)]. (8) 



15ttA- 4 (1-A: 2 ) 2 V^ 

x[2(l-k 2 + k 4 )E(k)-(l-k 2 )(2-k 2 )K(k)] 2 . (9) 



22577-A- 6 (l-yc 2 ) a Vp^ 
x[(8-23F-h23A 4 )£(A:)-(l-/c 2 )(8-19A 2 -hl5^)/C(A)] 2 . (10) 



Jo Jo 



c-P*»-9WJ|(axy)*-Vrfxrfy= 



V7> 



X [(l-2£ 2 )(8-3A: 2 + 3A- 4 )£(A)-(l-A- 2 )(8-15/ 2 + 3A 4 )K(A)] 2 . (11) 



5.3. fc 2 - — — , pq>o 2 

2Vpq 



f oo /"oo 1 —2A- 2 

e-'« , -« , / l (oxy)/o(axy)«y«farf3r= K(A-) [£(A) - (1 - h*)K(k)]. (1) 

Jo Jo 2-rrDak V 1 - A- 2 



| | e-"- r, -w7,(<wy)/o(axy)a:- 1 y 3 dxdy = 



2irpqk\/\-k 2 
1 -2A- 2 



27rg 2 A:Vl-A: 2 
X[2£(A) -*(*)] [(1 -**)£(*) -(1-2P)£(*)]. (2) 



f * f oo 1 _ ou 

e -J*«-^/ 2 (axy)/,(a*y)*yrfw/y 

Jo Jo 



27rp^A: 3 V(l-A: 2 ) 3 
X [£(*)- (!-*")£(*)] [(2-3A 2 )(l-* 2 )«(A)-2(l-2A 2 )£(A)]. (3) 



f °° J 80 e -**-*+h(axy)Ii {axy)x x fdxdy = 
Jo Jo I 



1-2A- 2 



67r<7 2 PV(l-yc 2 ) : * 
XlO-^iJ-d-a 1 )^*)] [2(1-A 2 + A 4 )£(A)-(1-P)(2-A 2 )/C(^)]. (4) 
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J I °° e -v x2 - qy2 h{axy)h(axy)xydxdy 
Jo Jo 



1 —9k 2 

[(l-k 2 ) (2-3k 2 )K(k) -2(1 -2k 2 )E(k)] 



\8irpqk 5 ^/(l-k 2 ) 5 

x[(8-2M 2 + 23k*)E(k)-(l-k 2 )(8-l9k 2 +lW)K(k)]. (5) 

r k r oc 1 9A: 2 

e-p^-«» 8 / 3 (oxy)/2 (axy)*-'yV;cdy = [2(1 - k 2 + k*)E(k) 

Jo Jo ' 307rq 2 PV(l-F) 5 

-(l-/t 2 )(2-W(A;)] [(l-k 2 )(8-\5k 2 + 3k*)K(k)-(l^2k 2 )(8-3k 2 + 3k*)E(k)]. (6) 



5.4. fc 2 = ^ 



[(p+aNq-bJ-c'JUp-aHq+bJ-c 2 ] 
(p-aj(q-b;>c 2 , p>a, q>b 



f " f " e-»* 2 -™ 2 Io(ax 2 )h(by 2 )I (2cxy) xydxdy= A — ^-^Kik). (1) 

Jo Jo 47rc Va6 

k 3 (qp 2 — qa 2 — pc 2 ) 
"l67r(l-£ 2 )c 3 V(o6) 3 



f X f * e -»* 2 -™ 2 Io(ax 2 )Io(by 2 )h(2cxy) xy 3 dxdy= 7 ^^- 7 ^- r7 ^= 
Jo Jo 



n* 

Jo Jo 



e-'^-^/olax 2 )/, (6y 2 )/ (2c*y) xy 3 dxdy 



kz[( q p 2 -qa 2 -pc 2 ) 2 + b 2 (p 2 -a 2 ) 2 -a 2 c<] E k _ 

32t7(1 -k 2 ) (p 2 -a 2 )c 3 VaW- 8ttc Vab 3 



(' f"e-^ 2 -«"7 1 (a^ 2 )/ 1 (6y 2 )/ 2 (2c%y) xydxdy= -2E(k)]. 

Jo Jo 



_L_ 

4>TTkc Vab 



f X r e-P* 2 -™ 2 I l (ax 2 )I l (by 2 )I 2 (2cxy)xy 3 dxdy= 
Jo Jo 



k(qp 2 — qa 2 — pc 2 ) 



16tt(1-A: 2 )c 3 V(^ 

X [(2- k 2 )E(k) -2(1- k 2 )K(k)]. (5) 



f X r e^ 2 ™ 2 h{ax 2 )h{bf)U{2cxy)xydxdy= 

Jo Jo \2irk z c 



UirtfcVab 

X [{b-k 2 )(*-?>k 2 )K{k) -8(2- k 2 )E{k)}. (6) 



f X f X e-»* 2 -«y 2 h(ax 2 )h(by 2 )h(2cxy)xydxdy= - 

Jo Jo 607r/c 5 c 



607rk 5 cV^b 
x[(128-128k 2 +15k 4 )(2-k 2 )K(k)-2(U8-128k 2 + 23k 4 )E(k)]. (7) 



f x f x e ^ 2 -™ 2 h{ax 2 )U{bf)h{2cxy)xydxdy-- 
Jo Jo 



1 



420ttA; 7 cV^ 
X [(6144- 12288A: 2 -h8000/c 4 -1856/c 6 +105A: 8 )A:(/c) -32(2- A; 2 ) (96-96F+ llA; 4 )^)]. (8) 
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,,_ Vpq-Vpq-b 2 
5.5. k — r= , pq > b 



2Vpq 



J I e ->'^-^K n (2V^ t xy)h(4 l bxy)dxdy= b [K(ft)] 2 . (1) 

Too fx i-A/l —A* 2 

Jo J,. e "" J '" w ^( 2v W^) / "(^) A ' J y = 4p6(l -2P) ^W^W -*(*)]■ < 2 > 

f" f " e-P"-^Ko(2V^xy)Ii(ibxy)xydxdy= A .~\ BU . &(*)[£(&)- -**)*(*)]• (3) 

Jo Jo 46Vpg(l— 2F) 

f x f%-^-«% 1 (2V^^y)/ 2 (46^y)J^y=— ^L=[£(A)-(1-A: 2 )A:W] 2 . (4) 

Jo Jo bkv\—k z 



f x f x e-^ 2b » 2 K»{2V^qxy)lMbxy)x 2 dxdy 

Jo Jo 



1 



4/^A(l-2£ 2 )Vl-/ 2 
X[£(*)-(l-A*)K(jfc)] [(l-i 2 )K(*)-(l-2A 2 )£(A)]. (5) 

p f% -p^-^/j: (2 V^sy)/ 3 (46*y) xydxdy = -= — 

Jo Jo 46 Vp? P(1-A 2 )(1-2A- 2 ) 

X[E(^)-(l-/c 2 )K(/f)][(l-A- 2 )(2-3A- 2 )/((A)-2(l-2A- 2 )£(A:)]. (6) 

I I e- l,Jc2 -™ 2 K<>(2 Vpq xy)Ii(4bxy) dxdy 
Jo Jo 



%P V(l-A: 2 ) :} 

x [(l-A- 2 )(2-3A- 2 )/C(A)-2(l-2A- 2 )£ , (A)] 2 . (7) 



X [(2-3A- 2 )(l-A- 2 )K(A-)-2(l-2/c 2 )£(/c)] [2(l-F + ^)£(A)-(l-F)(2-A 2 )K(/c)]. (8) 

f" f%-/- 2 -w^ |(2 V^ *y)/ (46*y) xydxdy= - **~* *(*)[2£(A:) -*(*)]• (9) 

Jo Jo 46 Vpq (1-2/r 2 ) 

f" [%-*"-«•*, (2 V^xy)/,(46*y) x~dxdy = -— — — — [2E(k) -K{k)] 
Jo Jo 4p6(l-2£ 2 ) 

x[(l-A: 2 )/C(A)-(l-2A:-)£ , (yc)]. (10) 

I I e-"- r2 -«" 2 A:,(2Vp^xy)/2(46a:y) xydxdy= , 

Jo Jo 46A:(l-2yt 2 )V p<7 (i-F) 

X[£(A)-(1-A 2 )K(A)}X [(l-A 2 )X(Ar)-(l-2Jfc 2 )£(A)]. (11) 

J J e -'' J '-w a /C,(2Vp^jty)/ 2 (46*y) x -'ydxdy= r -^ r = = 
Jo Jo 36a-v<7(1— A--) 

+ [(1-2A- 2 )£(£)-(1-A- 2 )A:(A-)] 2 . (12) 
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f f e-P^-o^K^il^pq xy)I-Mbxy) x- l y z dxdy= P , 

Jo Jo 126/t(l-2F)V^ (1 _^) 

X[(1-A 2 )/«:(A)-(1-2F)£(A:)] [(1 - k 2 ) (1 - 8k 2 ) K(k)- (1- 16/t 2 + 16A: 4 )£(£)]. (13) 

f f e-" J - 2 -^K 1 (2Vp^^y)/ 4 (46^:y) xydxdy= . [(2 — 3A: 2 ) 

Jo Jo 126F(l-2A; 2 )Vp 9 (l-F)3 

x(l-F)K(£)-2(l-2/c 2 )£(A:)] [2(l-yc 2 + ^ 4 )£(A)-(l-F)(2-F)/C(A:)]. (14) 

f * (%-^ 2 -™ 2 /C 2 (2V^* y )/ 2 (4&Ay) x 2 dxdy= == [(l-F)^(A:) 

Jo Jo 12pM(l-2P)Vl-F 

-(l-2/t 2 )£(A:)] [(l-8P)(l-£ 2 )K(/c) - (l-16£ 2 + 16/c 4 )£(yc)]. (15) 

■j" f"e-P J - I -9» , /i: 2 (2V^^y)/ 4 (46a:y) x - 2 y*dxdy = ; [(2 + 15F 

Jo Jo 42069 2 F(1 -2/t 2 )V(l-F) 3 

- 144A 4 + 128& 6 ) ( 1 - & 2 )K (k) - 2 ( 1 + 7/r 2 - 135/t 4 + 256fc 6 - 128A 8 )£(Jt) ] 

x[(l-jfc 2 )(2 + 5£ 2 -8A; 4 )K(/c)-2(l-2£ 2 )(l + 4fc 2 -4£ 4 )£(/c)]. (16) 

j j e-J^«-<^K 3 (2V^xy)/4(4&*y) %-y<fo:dy= P . = 

Jo Jo 4206F(1-2A 2 )V 9 3( 1 _ A: 2)3 

x[(2+15^-144Ar 4 +128/t 6 ) (l-k 2 JK(k) -2(l + 7k 2 -U5k 4 + 256k 6 -128k H )E(k)] 

X [(l-A: 2 )(2 + 5A 2 -8^ 4 )X(yc)-2(l-2F)(l + 4F-4A: 4 )£(A')]. (17) 

4 poa 

5.6. k 2 = — r pq>a + b 

(pg + a) 2 -b 2 " 



f" ("* e-t>** 2 -<* 2 y 2 Io(2axy)cosh(2bxy) dxdy^^^^ 
Jo J 



4>Vpqa 



f ("" e -^ i -»"irV 1 (2axy)cosh{26^y) *-»ydx<fy= -£= [(2-A 2 )K(*) -2£(A)]. (2) 

Jo Jo 4A: V<7 3 a 

r f • Vp3 

I «-" 2 * 2 -« ! »7 2 (2a*y)cosh(26xy) *- 2 y 2 e£xdy= 

Jo J© 



12k 3 Vq 5 a 
x[(4-P)(4-3& 2 )K(/c)-8(2-A; 2 )E(yc)]. (3) 



Jo Jo 



e _ JySX 2 _ ,.„, /s ( 2axy ) cosh ( 26*y) x ~ s y 3 dxdy = 



60k^q 7 a 



[(2-k 2 )(l28-l28k 2 +\5k 4 )K(k)-2(\28-l28k 2 + 2M 4 )E(k)]. (4) 
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f f e" 2j - 2 " 2 «7 4 (2a^y)cosh(2^y) x~*y*dxdy= ^= 

Jo Jo 420FVy^ 



x[(61M-12288k 2 + 8000k 4 -W56k 6 +l05k >i )K{k)-32(2-k 2 )(96-96k*+nk i )E(k)]. (5) 



bk 3 



Ac Too 

e-P 2 * 2 -<i 2 v 2 I (2axy)smh(2bxy) xydxdy= : E(k). (6) 

Jo Jo 32(l-^)V( p < 7 a) 3 



e -/>^ 2 -^7 1 (2a^y)sinh(2^y) x 2 dxdy = 

Jo Jo 32(1 



bk 



e -p*x*-q*v*j 2 (2axy)sinh(2bxy) x 1 y*dxdy= 



(l-F)Vp.^ a 3 

x[(2-A- 2 )£(A)-2(l-/c 2 )K(£)]. (7) 

6Vp 



32/f(l-A 2 ) V^V 
x [(16-l6k 2 + k 4 )E(k)-8(l-k 2 )(2-k 2 )K(k)]. (8) 



I I e-* a * 2 -9 2 *7 3 (2a*y)sinh(2focy) x 'y'dxdy- 



6V D 3 



96F(1-A 2 )V^3 

X [(2-/c 2 )(128-128A 2 +3/f 4 )^(/)-2(l-A')(128-128A 2 + 27A- 4 )/C(A)]. (9) 



(pq-o) 2 ~b 2 b 2 -(pq-a) 2 

1 (pq + a) 2 -b 2 2 4pqa 



f 00 f x TrVl— A: 2 

e ,^ WKo(2axy)cosh(2bxy)dxdy=^ r77 = = K(ki), b<\pq-a\; 

Jo Jo 



4Vi 



P«a 



X(A 2 ), |pg-a|<6<pg+a. (1) 



4 \ pqa 



J J e "'^ 2 ^ 2 K (2axy)sinh(2/u;y) *ydxdy 
Jo Jo 



TTb^{\-k'\Y | 

[*(*,)-£(*,)], 6< |p 9 -a|; 

32A- 2 V(p^ a ) :{ 

77 6 



32*1(1 -AD MW) 5 



= [^(A-,)-(l-A 2 )/C(/r 2 )], |pg-a|<6<pg + a. (2) 



169 



Jo Jo 



e -P*x*- g *y* Kl (2axy)sinh(2bxy) xHxdy 

TTb^l-kf 



rrb 



[(l + *J)^(*i)-(l-*?)X(*i)], 6< |pg-a|; 
[<l-*i)K(*,)-(l-2*I)£te)L 



32A|(l-A:l)Vp5 9a 3 

|p<7 — a| < 6 < pg + a. (3) 
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